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ABSTRACT: Following a suggestion by Smit, the CP odd terms of the effective action of
the Standard Model, obtained by integration of quarks and leptons, are computed to sixth
order within a strict covariant derivative expansion approach. No other approximations
are made. The final result so derived includes all Standard Model gauge fields and Higgs.
Remarkably, at the order considered in this work, all parity violating contributions turn
out to be zero. Non vanishing CP violating terms are obtained in the C-odd P-even
sector. These are several orders of magnitude larger than perturbative estimates. Various
unexpected regularities in the final result are noted.
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Whereas CPT symmetry is preserved of necessity in any theory with Lorentz invariance,

locality and unitarity [1] no such mechanism is at work to preserve CP [2]. Nevertheless, CP

is very weakly broken in the Standard Model [3, 4]. No breaking is detected in the strong

sector, where the coupling constant of the operator GWC?W is compatible with zero [5]. In

the electroweak sector no breaking is possible for less than three generations and even in this

case the breaking would not occur in the presence of mass degeneration, as is the case in the



lepton sector for massless neutrinos [6]. So there is CP violation in the Standard Model but
it is rather small, as compared to the maximal breaking of C or P in the electroweak sector.

The amount of CP breaking is relevant in early universe baryogenesis [7]. Baryon
asymmetry generation is assumed to take place near the electroweak transition tempera-
ture, T" of the order of 100 GeV. At such high temperatures quark masses, except that of
the top quark, can be considered small. This suggests to treat them as a perturbation.
Since these masses follow from the Yukawa coupling of quarks to the Higgs field, this is
equivalent to treat those Yukawa vertices perturbatively. However, as noted above, CP
violation is elusive as no CP breaking term can be produced at low orders. The simplest
such term is the Jarlskog determinant which appears at order twelve [8]

A = J(mi = m@)(mg — m)(mi — my)(mg — m2)(mg — my)(mj —mg) (1.1)

where J is the dimensionless Jarlskog invariant, constructed with the Cabibbo-Kobayashi
Maskawa matrix. This term has dimension twelve and by dimensional counting it is usually
assumed to enter in the effective action scaled by T'2. At the electroweak transition
temperature the ratio A/T1? is extremely small, of the order of 10717, If this estimate is
correct this poses a problem to account for baryogenesis using the Standard Model [9].

A simpleminded transcription of the above estimate to the zero temperature case can
be achieved by simply replacing the scale T by the Higgs field condensate v = 246 GeV,
A/v'? = 10724, This is several orders of magnitude smaller than CP violation as measured
in meson decays, where dimensionless parameters are of the order of 1073 [10]. However,
the direct use of the Jarlskog determinant is not justified at zero temperature, where the
quark masses can no longer be treated perturbatively.

Smit [11] made the observation that a nonperturbative treatment would yield in a
natural way much larger couplings for CP breaking operators, as such couplings would
come out as rational functions (with logarithms) of the quark masses times the Jarlskog
invariant. Specifically it was proposed to study the effective action of the Standard Model
obtained after integration of the fermions in the theory. The full functional is, of course,
beyond an exact computation and some type of classification and selection of the resulting
terms is required. The proposal was then to organize the terms within a covariant deriva-
tive expansion, which being non perturbative has the potential of yielding a more reliable
estimate for the couplings.

The study of the leading order terms in the abnormal parity sector was undertaken
in [11]. This is the sector driven by the Levi-Civita pseudo-tensor and includes the Wess-
Zumino-Witten term. In the Standard Model this is equivalent to the parity odd sector.
The corresponding operators have dimension 4, counting only the dimension carried by the
dynamical fields except the Higgs. Unfortunately no non vanishing contribution was found
to fourth order, although CP breaking contributions were expected at dimension 6 [11].
Such dimension 6 operators, with non vanishing coupling, have been found in [12] where
also the abnormal parity sector was studied. As expected, the CP violating term found is
indeed sizable as compared to perturbative estimates.

The two calculations of CP violating terms in the Standard Model effective action
just described are based on the technique introduced in [13, 14]. In this approach the full



effective action for a generic theory of fermions coupled to chiral gauge fields is computed
within a strict derivative expansion, to a given order. [11] uses directly the result in [14]
which holds to fourth order, and particularizes it to the Standard Model while selecting
just the CP breaking terms. [12] carries out the same reduction from general to particular
after extending the generic calculation to sixth order. This is done using the worldline
formalism to deal with Dirac traces and momentum integration, as explained in [15], as an
alternative to do the same thing with the techniques applied in [14].

In the present work we also undertake the calculation of the CP odd component of the
Standard Model effective action at zero temperature derived by integration of quarks and
leptons, and organize the terms so obtained by means of a covariant derivative expansion.
However, unlike previous calculations, ours is carried out from scratch by applying the
recently derived technique described in [16, 17]. The difference with previous approaches
is that we particularize very early our treatment to the Standard Model and this allows
us to select from the beginning terms which are candidate to break CP invariance and
neglect irrelevant CP even terms. This is useful as CP breaking imposes very restrictive
conditions and selects very few candidates. Another difference is that we consider terms of
normal parity (i.e., P even and consequently C odd) as well as of abnormal parity (P odd,
C even). Seemingly, in the literature, the CP breaking terms have been assumed to be
of abnormal parity only. Perhaps this is because in the so called strong CP problem, the
CP breaking terms involve the Levi-Civita pseudo-tensor in the gluon sector or ~s in the
quark sector [18, 19]. Moreover, the simplest CP odd terms one can write for the effective
action are also odd under intrinsic parity, e.g., tr (FH,,F‘“’) [20], where F},, is constructed
with the covariant derivative of the electroweak group SU(2) x U(1). In addition, the CP
odd and P odd sector is of interest in the study of electric dipole moment. Nevertheless, it
is perfectly possible to write down operators, constructed with the Standard Model gauge
fields and the Higgs, having normal intrinsic parity and odd under CP transformations.

We carry out a detailed calculation including all Standard Model fields and all CP vi-
olating contributions to order six in the covariant derivative expansion. Diagrammatically,
this consists of all one-loop Feynman graphs with fermions running on the loop and up to
six gauge fields or derivatives (four-momenta) attached as external legs and any number of
Higgs fields coupled to the quark or leptons. The result is given in the unitary gauge. The
calculation presented is largely self-contained and some of the main conclusions obtained
can be reached by a by-hand computation. This is the case for our most unexpected find-
ing, namely, that there are CP violating terms of order six in the normal parity sector of
the Standard Model, but all terms vanish in the abnormal parity sector. This is at variance
with the result in [12]. It is not clear to us from where the discrepancy arises as the two
calculations are conceptually similar although technically different. In any case we have
double-checked our results to confirm this conclusion.

The paper is organized as follows. Section 2 summarizes a number of definitions, for-
mulas and techniques relative to generic chiral gauge theories which will then be applied
to the Standard Model. In section 3 we cast the fermionic sector of the Standard Model in
the format previously described for generic chiral gauge theories. In section 4 features of
CP violation at the level of the effective action are discussed. In section 5 the relevant mo-



mentum integrals which appear in the calculation, as well as the associated selection rules,
are obtained. Section 6 discusses the covariant derivative expansion within our approach
to the effective action of the Standard Model. In section 7 the chiral invariant approach
devised for generic theories is applied to the Standard Model in a way that allows to easily
remove irrelevant CP even terms. Section 8 reproduces the previous result in [11] verifying
that there are no CP breaking terms driven by operators of order four in the abnormal
parity sector, and this result is extended to the normal parity sector as well. In section 9 we
present a preliminary calculation for the particular case where Higgs field derivatives are
neglected. This is of interest as this covers the result obtained in [12]. The cancellation of
the abnormal parity contribution is made manifest there within a transparent calculation.
Section 10 presents the full result of our computation, eq. (10.2). Various surprising regu-
larities in the result are noted. The form of the loop function controlling the CP breaking
operator is discussed in section 11 and how it is affected by infrared enhancement in the
physically relevant chiral limit. Our conclusions are summarized in section 12.

2 Chiral gauge fermions

In this section we collect important practical results relative to generic chiral gauge fermion
theories which will be applied subsequently to the Standard Model.
2.1 The effective action

The Lagrangian describing the coupling of spin 1/2 fermions (¢)) to chiral gauge fields
(Vr,r) and spin zero fields (mpr, mpz) can be cast in the general form

L(z) = ¢ () D(z) ¢ (x), (2.1)
where!
ZD(%’) = (Za — VR(m'))PR + (Za — VL(m))PL — mLR(x)PR — mRL(x)PL, (22)
and
1 1
Pr = 5(1 +75), PL= 5(1 —V5)s (2.3)

and the external fields mrr, mgr, Vg are matrices in some internal space. Unitarity

requires
mip(@) =mpp(x), Vi, (@) =Veu(@), Vi, (2)="Viu(2). (2.4)

It will prove convenient to write the Lagrangian in matricial form, namely,

L(x) = (Yr,¥r) (Z f?’_—wﬁx) z'@_— Wyj;;(x)) (Zf) _ (2.5)

This form is useful to expose the action of chiral transformations.

'We use Minkowskian signature (4 — ——) and {v*,v"} = 2g"", v5 = +iv"7 2%, o123 = +1.



The integration of the fermions provides the effective action
7 — el — /Dwa eifd‘lmi(:v) iD w(m)’ (26)
which (modulo UV ambiguities) is given by
ir[mLRamRLaVR,VL] = TrlogiD. (27)

The effective action can be decomposed into a normal parity component, I'" (without
Levi-Civita pseudo-tensor) and an abnormal parity component I'~ (with the Levi-Civita
pseudo-tensor):

F=T"+T". (2.8)

I'* are also even/odd, respectively, under the pseudo-parity transformation, which can be
defined as the exchange of the labels LR in the external fields.
Among other symmetries, the effective action is invariant under the transformation

mpr(z) — mpp(7), mgr(z) — mp(T),
VR,u(x) - —ﬂMVV;%V(f), VL,u(x) - _WMVVE,V(i.)7 (2.9)

where 7, = diag(1,—1,—1,—1) and # = (2°, —%) = 7z. This represents a CP trans-
formation which we shall call full CP transformation to distinguish it from the physical
one (which only acts on dynamical fields and not on parameters of the Lagrangian).? The
important property of this transformation is that it does not mix different chiral sectors.

2.2 Euclidean space

For convenience we shall work in Euclidean space, reverting to Minkowskian space at
the end.

The Euclidean metric is ¢,,,, so we put Euclidean indices as subindices. The pass from
Minkowskian to Euclidean variables is achieved by the replacements?

(29, 2%) — (—iz?, %),
Y(z) = Y(), P(x) — d(x),
mrr(z) — mrr(z), mpr(z) — mpr(z),
Vro(z) = Vro(z), Vio(x) = Vio(x),
Vri(xz) = —iVR(z), VL,(x) —iVpi(x),
7 = 0, v = i, % =5 =Y%n72ys-  (2.10)

These replacements imply £(z) — —L(z) and so

il _ /DT,Z_)DT,Z) eifd4a:L e T e—fd4x£(x) (2.11)

2Likewise, full parity is also a symmetry of the effective action. It consists of exchanging LR labels and
simultaneously z — . Pseudo-parity, which can be defined as any of these two transformations without
the other, is not a symmetry for general background field configurations.

3This corresponds to 74 = 1 in ref. [14].



with

L(z) = (x)D¥(z), (2.12)
and
D = (§+ V=) Pr + (3 + Vi(2))Pr + mpr(x)Pr + mpr(z)Pr. (2.13)
Also, in Euclidean space
F[mLR,mRL,VR,VL] = TrlogD. (2.14)

With the above prescriptions, in Fuclidean space unitarity becomes
mpp(e) = mer(e), Vh, (@)= —Veu@), V[,()= Vi), (215
while the full CP transformation becomes

mip(@) > mip(®), mep(@)—mhn @), Vi) - mwVi, @), Vi) —m Vi, @),
(2.16)
with 7, = diag(1,—1,—1,-1) and & = (2, —7) = 7.

An important property of the effective action in Euclidean space is that the normal
parity component, I'", is real, and the abnormal parity component, I'", is purely imag-
inary [21]. This property is a consequence of unitarity and holds at the non perturba-
tive level.

2.3 Chiral invariant approach to the effective action

The (Euclidean) Lagrangian (2.12) is invariant under local chiral transformations:

D— D= (Qzl 01> (mLR jDL) (QR ! ) . (2.17)

0 Qp Dr mgr 0 Qg
However, as is well known, the corresponding effective action I'[mpr, mgr, Vg, V1] displays
an anomalous variation under chiral transformations [22-24]. The anomaly has a universal,
geometrical, form and is saturated by the gauged Wess-Zumino-Witten (WZW) term,
Lewzw|[mrr, mrr, Vg, V1], which also has a known geometrical form [25, 26]. This means

that if the WZW term is subtracted from the effective action, the remainder, I'., is chiral
invariant:

I'= Fngw + T.. (2.18)

Let us note that I';wzw contributes only to the abnormal parity component. Therefore,
rt="g.

Recently, it has been shown that the remainder I'. can be expressed in a convenient
form in which chiral invariance is manifest [16]. Indeed, let

K =mppmpr — Drmp; Drmer, (2.19)



where Dr,,, = 0, + Vi, and Dg, = 0, + Vry, and so K is a second order differential
operator. (Note that Ip Lm}}ilb rmpr stands for the product of four consecutive opera-
tors.) Then*

1
It = —§ReTr(log K),
. 1.
I~ = —511111 Tr(vslog K) + I'gwzw- (2.20)

2.4 The derivative expansion

The functional trace in (2.14) can not be computed in closed form in general. This suggests
to use instead some systematic expansion to address its determination. In the derivative
expansion scheme the effective action contributions are classified according to the number
of covariant derivatives they carry. In this counting the spin zero fields, mpgr, mgy, count
as order zero whereas the derivatives d,, or gauge fields, Vi ,, Vg, count as first order.
Technically, this means to consider the family of Dirac operators

D; = (@ +tV g(tz)) Pr + (@ + tV ((tx)) P + mpr(te) Pr + mpgL(tz) Py, (2.21)

and then expand the corresponding effective action in powers of the parameter t. After
extraction of a global factor 1/t in d space-time dimensions, the terms of order n contain
n covariant derivatives (or gauge fields). At the diagrammatic level, a term of order n
represents a one-loop Feynman graph with any number of scalar fields and n gauge fields
as external legs, all of them at zero four-momentum, or less gauge fields as external legs
and correspondingly more powers of the external momenta. We emphasize that gauge
fields are assimilated to derivatives in such a way that they are of the same order. This
ensures preservation of gauge invariance and as a consequence each order of the derivative
expansion of the effective action is separately invariant under gauge transformations.
Several remarks can be made:

i) In even-dimensional space-times and at zero temperature, the derivative expansion
of the effective action contains even orders only.

ii) The abnormal parity sector starts at order d in d dimensions, since it contains the
Levi-Civita pseudo-tensor.

iii) In d dimensions, the terms beyond order d are ultraviolet (UV) convergent, and so
free from UV ambiguities introduced by the renormalization.

iv) T'ywzw contains only terms of order d (in d dimensions). Le., within the derivative
expansion, the WZW term vanishes at all orders beyond the lowest order one. This
means that I'™ = I'_ except at lowest order. And

v) within the derivative expansion, the Minkowskian version of the effective action is real
in the normal parity and in the abnormal parity sectors. The derivative expansion

4In the notation of [16], K here is K1 there, and we have used that Kr and Kz are related by a similarity
transformation.



is an expansion around small external four-momentum, and so it can not reach the
analytical cuts related to particle production.

2.5 The method of symbols

A convenient technique to carry out calculations within the derivative expansion is the
method of symbols [27, 28]. The method has been extended to curved space-time [29, 30]
and finite temperature [31, 32].

This method will be used below in our calculation of the effective action.

For any pseudo-differential operator f of the form f(D, M), constructed with covariant
derivatives D, and external fields M (z) (all this non abelian in general) the method of
symbols states, for the diagonal matrix elements of f ,

. d
(@lfla) = [ el (D +.20)0) (222

(d is the dimension of the space of x). |0) represents the constant state (z|0) = 1, so that
0,]0) = 0. For notational convenience, here and in what follows, we use a purely imaginary
momentum p, = ik, (k, real), but p? denotes —PuPu = k? and d% = d%. The matrix
element (x| f(D + p, M)|0) just coincides with the standard symbol of f, as defined in the
theory of pseudo-differential operators [33].

Invariance under the shift p, — p,, +a, in the momentum integral (2.22) implies that
D,, can appear only in the form [D,,, | in the final integrated expression. This ensures gauge
covariance of the right-hand side of (2.22), consistently with the obvious gauge covariance
of the left-hand side.

From (2.22) the derivative expansion is easily obtained just by formally expanding in
powers of Du-5 The final step is to move all derivatives to the right (derivating everything in
passing as dictated by Leibniz’s rule) and to verify that terms with derivatives at the right
(which would break gauge invariance) vanish after carrying out the momentum integration.

The method of symbols then provides the (functional) trace of f as

dm d
Tr(f) = / %m« f(D+p,M). (2.23)

(The brackets (z| |0) are usually omitted.)

The method of symbols just described is simple enough but has the drawback that
gauge invariance is not manifest during the calculation. An alternative technique, which
we shall also employ in this work, is that of covariant symbols [30, 34], which has the
virtue of being manifestly covariant from the beginning. Quite simply, the method consists
in applying a similarity transformation in (2.22), which changes nothing:

d
(alfle) = [ e PeO0m F(D -+ p, M)eP 0/ (2.2

®p, is the momentum running in the quantum loop and is of order zero in the derivative expansion. On
the other hand D, now acts only on the other external fields present in f and counts as first order. Direct
expansion in powers of D, in f(D, M) (i.e. before applying the method of symbols) would not produce UV
convergent integrals and would not correspond to the derivative expansion, as D, would contain not only
the momenta of the external fields but also that of the quantum field running in the loop.



This can be seen to be equivalent to

wlie) = [ 8 5,1 229
x|flx) = @n) , , :
where Du and M are manifestly gauge covariant:
- 0 1 0 0
M =M — Dy, M| 7— + =Dy, |Dg, M|| 57— 75— — - -~
[Des M~ + oyDas (D5, Ml -
1 0 2 0 0

Du = Pu — E[Daa Du] + g[Da, [DB’DMH (2-26)

e Opadps

and these series are truncated at the desired order in the derivative expansion.

3 Standard Model

3.1 Fermion sector of the Standard Model

We can apply the previous general results to the Standard Model (SM) for quarks and
leptons coupled to gauge fields and Higgs [10, 35]. For quarks (and in Minkowski space)

Lsna(@) = 4(x) Dsaq a() (3.1)

In the notation of (2.5) the quark field, ¢(z), is a column matrix in the space Hypr ®
Hud @ Hgen @ Heolor @ Hpirac, where Hpr = Hyp @ Hpg (chirality) has dimension two,
Hyd = Hu ® Hq (u or d quark type) has dimension two, Hgen = H1 & Hao @ Hs (generation)
has dimension three, Hcoor has dimension three and Hpirac has dimension four.

g(z) = . gle) = (aL, dy, g, CZR) . (3.2)

Here only the LR and ud spaces are explicit while generation, color and Dirac indices have
been left implicit. Likewise, in the unitary gauge, the Dirac operator takes the form

iDgm,q =
— 5 ¢Yu 0 i—3Ws—19'B—3g. 7l VoL
0 —J50Ya VoL id+5Ws—39'B—Sg. )l
id—2gB—Lg\lla 0 — 5oV 0 '
0 id+39B—3g9 M dla 0 ve1a01

(3.3)

Y, q are 3 x 3 matrices in generation space which denote the Yukawa couplings of the
quarks with the Higgs field ¢(z). C?UW are the gluon fields, with coupling constant g, and
Aq the Gell-Mann matrices in color space. Bu is the U(1) weak hypercharge gauge field,

with coupling constant ¢, Wui and Wg,ﬂ are the SU(2) weak isospin gauge fields, with



coupling constant g. All matrices are the identity in generation space, except Y, 4, the
identity in color space, except \,, and the identity in Dirac space, except v*.
The gauge fields shown are the canonical ones. For convenience we shall absorb the

couplings in the fields, and write the Dirac operator in the form
oM, 0 - 2-¢ W
R B A . R A
AT ip,—¢ 0 — M 0
0 Py-¢ 0 ~4M]

In this expression v is the vacuum expectation value of the Higgs field after spontaneous

(3.4)

symmetry breaking, and M, 4 the complex quark mass matrices,

v={(¢), M,= %?}Yu, M, = %de. (3.5)
G, = %gsAaéw. (3.6)

Also N . 1. o g
W, = ngu . Ly = EQW&“ — 59 B, = im&“ (3.7)

where Zu(x) is the canonical field of the Z° boson and 6y the weak angle. In addition, we

have introduced the covariant derivatives

Dy = 3u + iAu,w Daq, = 3u + Z‘Adw (3.8)
with
2, - 1, =
AU,H - gg B,u’ Ad,u = _gg B;L- (39)
For leptons
Lsni(z) = U(z) iDgmy () - (3.10)

The lepton field I(z) belongs to the space Hir ® Hye ® Hgen ® HDirac. For convenience
it includes a spurious right-handed neutrino to achieve greater similarity with the quark
case. In matrix form the fields are organized as follows

VR

()= | “® 1, Z(m):(DL,éL,DR,éR), (3.11)

and the Dirac operator takes the form (we assume massless neutrinos throughout)

0 0 if—5gls+5gB  —Joght

|0 e sV il g+ 5gB

iD= | . (3.12)
i 0 0 0
0 i+ gB 0 —5ovd

,10,



The right-handed neutrino is completely decoupled. As for the quarks, we find it convenient
to rewrite the same matrix as

0 0 @P—-zZ -wr
0 —SM, W~ i+ 7
D = v M, , 3.13
ESMIT g o 0 0 (3:.13)
0o ., 0 —2M
where we have introduced the new covariant derivative
Dey=0u+idey, Aep= _g/Bu- (3.14)
For subsequent use, we introduce the derivatives
W;, = DWJ/VJr W+Dd =104, W+] + (A — Ad u)W+
W;;/ = Dd,qux -Ww, Duvu - [@u W, ] - Z(A — Ag u)Wf
Fiot = —i[Did, DY) = [0, Aw?] — [0, A7 (3.15)

Note that the fields Wﬁ are mot antisymmetric in u,v. Also note that the analogous
construction in the lepton sector gives exactly the same result as for the quark sector,
namely, W = [0, W] +ig’ BMW}. In fact, using the relation

Aem. — ¢'B,, +2sin® 0y Z, (photon field), (3.16)

one finds
Wi, = D™ W,r F i2sin® O Z,W,F (3.17)

which is covariant under Ug , (1), the remaining gauge freedom in the unitary gauge, apart
from SUco1or(3).

3.2 Euclidean space

We apply to the SM fields the prescriptions given in section 2.2 to go from Minkowskian
to Euclidean space, and this yields

M, 0 D,+Z+¢ Wt

0 20 - _
Derig = o Md ;/V . Di—7Z+ ¢ (3.18)
D,+¢ 0 M, 0
0 Dy+¢ 0 %Mg
00 d+2 Wt
02M, W= D.-7
Dgm, = 9 UO ‘ 0 60 (3.19)
0P, 0 2M!
with
Dy = 0y + Aup, Da, = Ou + Ad,w Dey =0y + Ay (3.20)

— 11 —



Also

Wi = DuuW, =Wy Dapy Wiy = Day Wy — Wy Dy,
Fiot = [Dwd, D). (3.21)

The c-number fields Z,,, Ay i, Ag y, Ae,y and F, ;[,Ld are purely imaginary, while (WJ‘ )=
~W, and (W},)* = —=W,,. The matrix field G, is antihermitian. The field ¢ is a real
c-number.

In what follows we shall work in Euclidean space, until section 10, where we return to
Minkowskian space to display the results.

3.3 ud-parity
In the SM only two of the four fields Z,,, A, ,,

proportional to F fjl,), however, it proves useful to carry out the calculation for the “extended

Aqg,, and A, are independent (and Fﬁlu is

model” where Z,,, Ay ,, Aqy, and A, are independent fields, and also M, and M, are
regarded as (z-independent) variables, as this procedure provides simpler expressions. The
quark sector with generic A, and Ay enjoys a U,(1) x Uy(1) symmetry which in the SM
reduces to Ue . (1). Moreover, for the extended model a symmetry becomes apparent
under the exchange of labels v and d in the quark sector, namely,

M, — My, WroWTF, A, oA, Zo-2Z GoG, ¢ o (3.22)

This corresponds to a similarity transformation of Dgy 4 as given in (3.18) and so it leaves
the (quark sector) effective action unchanged when expressed in terms of generic M,,, My,
Ay, Ay and Z (as well a W* and ¢). This symmetry, which we shall call ud-parity, is
not supported by the SM but it will be present in our calculation and this will become
useful later.

4 CP violation

As noted, the full CP transformation in (2.16) is a symmetry of the effective action func-
tional. It is instructive to see this in detail. First, note that, in Euclidean space and in four
dimensions, the definition of 5 does not contain an imaginary unit ¢, and so no complex
numbers are generated in the functional I' after taking Dirac traces (nor there are any
other i’s in the Dirac operator or the definition of I', cf. (2.14)). As a consequence, when
the background fields are replaced by their complex conjugated, I' also becomes complex
conjugated. That is, the (real) normal parity component, I'* is unchanged whereas the
(purely imaginary) abnormal parity component, I'" changes to —I'". On the other hand,
the transformation involving (20, %) — (2, —%) leaves invariant T'" since it does not con-
tain €,,q3, but changes the sign of I'". In this way the complete effective action is left
invariant under full CP transformations.

Consider now the (Euclidean) physical CP transformation in the SM. The transfor-
mation acts on the dynamical fields, namely, G,, ¢, W=, Z, and Ay.d.e, but the constants
M, 4, are unchanged and in general this will no leave the effective action invariant. This
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allows to classify the contributions to the effective action in two types according to whether

they are even or odd under physical CP:
'=ro +r_. (4.1)

(This classification is not to be confused with the separation (2.8) into terms even and odd
under pseudo-parity.)

In view of the fact that the full CP transformation leaves I' invariant, it follows that the
physical CP transformation has the same effect on the effective action as the transformation
(v is real):

(4.2)

This implies the well known result that if the Yukawa couplings were real, or equivalent to

Muvdve - ;,d,e °
real, there would be no CP violation. This is automatically the case in the lepton sector
but not in the quark sector for three or more generations [6]. Indeed, for arbitrary complex

matrices M, and M, one can write
M, = A;leuAu,R, Mg = A;imdAd,R, (4.3)

where the matrices m,,, mg are diagonal and non negative and A, 1, Ay r, A4, A r are
unitary, all of them in generation space. Using the freedom to rotate the quark fields in
generation space allows to bring the Dirac operator to the form

2010 'm, Qa0 Do+Z+¢ Wt
0 20mg Q3 W= Dyg—7+¢&
D = v 4.4
SM.q D, +¢ 0 %lemum;l 0 (4:4)
0 Dy+ 0 205" mg Q7!
where
C=AurAy] (4.5)

is the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and € 23 are arbitrary unitary ma-
trices (in generation space). It is manifest, by means of an appropriate choice of € 2 3,
that the physics is invariant under the redefinition C' — U;CUy where U 2 are arbitrary
unitary and diagonal matrices (so that they commute with m, and mg4). On the other
hand, choosing €1 53 as the identity matrix simplifies the Dirac operator and shows that
C has to be complex to allow violation of physical CP; the CP transformation as given
in (4.2) becomes equivalent to
C — C*. (4.6)
The similar manipulations in the lepton sector do not give rise to a matrix C since the
would-be M, complex mass matrix vanishes. So the lepton sector does not contribute to
CP violation in the effective action and this sector will be disregarded in what follows.
Alternatively, the quark rotations in generation space can be chosen so that the Dirac

operator becomes

Smy, 0 D,+Z+¢& WwWtC
Den g = 0 Smg  WCTV Dy—-Z+¢
’ D,+¢& 0 2m, 0
0 Iﬂd + @& 0 %md

(4.7)
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This shows that only contributions involving W* can appear in the CP violating sector, I'_.

Because all quantities in the Dirac operator are c-numbers in generation space except
the Yukawa couplings, and the effective action adds one-loop graphs with quarks running
on them, this functional can be arranged in the form

T=> tr fa(M, Md)/d4:c tr Oy (z), (4.8)
A

where fy(M,, M) are operators in generation space constructed with the complex mass
matrices and Oy are local operators constructed with the Higgs and the various gauge fields.
In the first case the trace refers to generation space, Hgen, and it refers to all the other
spaces in the second case. As noted before all these operators do not involve any complex
number in their construction in terms of the fields and mass matrices. As a consequence,
the CP transformation (4.2) implies

tr f)\(Mu, Md) — tr f)\(M;;, M;) = (tI‘ f)\(Mu, Md))*, (49)

therefore the CP violating component of the effective action can be expressed as
r.= Zilm (tr fx(M,y, My)) /d4x tr Oy (z) . (4.10)
A

It also follows that the local operators O(z) contributing to I't (normal parity, CP violat-
ing) are antihermitian, since I'" is real in Euclidean space. On the other hand the local op-
erators in I'_ (abnormal parity, CP violating) must be hermitian. In this reasoning we use
the fact that the two transformations involved, namely, CP (which defines the separation
in (4.1)) and pseudo-parity (which defines the separation in (2.8)) commute. This is correct
since pseudo-parity just exchanges the labels L and R while CP does not mix those labels.

An important remark is that in the Standard Model all bosons can be assigned natural
parity, (—1)7. Therefore the abnormal parity sector is just the P odd sector, while the
normal parity sector of the CP odd component is C odd and P even. This is unlike the
chirally broken phase of QCD where parity is preserved even by the abnormal parity sector
due to the presence of abnormal parity hadrons.

5 Momentum integrals

As we shall see, for the operators tr fy(M,, M;) depending on the complex mass matrices,
cf. (4.8), the derivative expansion produces the set of integrals

Ik

T1,t1,500 0 nytn =
d*p k
/ )

/ d*p W)t [ 1 o 1 o1 1 o 1 01]
= T o ..
@mt T LG R m)t G mdy (P )

(5.1)

1 1 1 1
(p? + M MI™ (p? + MaMp™  (p? + MM (5 + MndTl)t”]
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where the exponents k and r;, t; are non negative integers. The integral with 2n indices will
appear in contributions with n W' and n W~. (Charge conservation requires as many W™
as W~ in any contribution to the effective action and W+ are the only fields connecting
the spaces u and d.)
Due to the cyclic property of the trace
IF =1F (5.2)

1,015yt = TT2,t2,. Tt Tt

and also taking, the hermitian adjoint,

(1* ) =IF (5.3)

71,81, nytn Trnyln—1,"n—1,-,01,71,tn "

Since we have seen above that the CP violating component is tied to the imaginary
part of this integral, we introduce the definition

Tk . k
Ir17t17"'7rn7tn =4Im Ir17tl,...7rn7tn’ (54)
which enjoys the properties
ok _ 7k _ ik
Ir1,t17---,7"n,tn - Ir27t27---77’n7tn77’17t1 - IrmtnflJ’n717---7t177‘17tn' (5'5)

From these relations it is immediate that I vanishes if n = 0 or n = 1. Therefore,
at least 2 C' and 2 C~! are needed to have a contribution to I'_, or equivalently, 2 W+
and 2 W~. This is a well known fact in the literature [8]. (This implies that the operator
tr (F),, F#) [20] mentioned in the Introduction cannot be derived from simple integration
of the quarks as the would-be term with four ¥ vanishes. Such term can be produced if
internal gauge field lines are allowed.)

Of particular interest will be the first non trivial case, n = 2. For it one finds

A A ~

(5.6)

Irlyt177"27t2 - _IT2,2517T1¢2 - _Irl7t277"27t1 :

It will also be useful to note the transformation of the momentum integral under

ud-parity (see section 3.3), namely,

k k
IT‘17t17...77’n,tn - Itl,...,rn,tn,rl ) (57)
and in particular
ok ok
Ih,thrz,tz - _Ithh,tmrz : (5’8)
Using the second form in (5.1), to compute the integrals of the type ffl,tl,TQ,tQ for three
generations, one can use the identity [8]
Im (CyyC CuCy ) = Jenej,  iyj k1 =1,2,3, (5.9)

(with no implicit summation over repeated indices here) where €;; = 22:1 €ijk, and J is
the Jarlskog invariant [8, 10]

J = cos bya cos? B3 cos bas sin fyy sin fy3 sin faz sind = 3.0(2) x 107°. (5.10)
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The resulting momentum integrals no longer involve matrices in the integrand.
The only integral required in this paper is I $195. It can be cast in the form

I}159=1J Grrcp . (5.11)

s L9y

kcp is a dimensionless coefficient and G is the Fermi constant, which can be related to
the the vacuum expectation value of the Higgs field, G = 1/(v/2v?). For v and for the
quark masses we take v = 246 GeV, m, = 2.55MeV, myg = 5.04MeV, m, = 104 MeV,
me = 1.27GeV, my = 4.2GeV, my = 171.2 GeV [10]. This gives

kep = 3.1 x 102, Gprcp = 3.6 x 1073 GeV 2. (5.12)

The integral I f’717272 is an homogeneous function of the quark masses of degree —2 so
kcp can be expressed as a function of the Yukawa couplings, y, = \/imq /v. The loop
function kcp is of great interest by itself so we give full details of its form and calculation
in section 11. We only remark here that it is numerically many orders of magnitude larger
than the “minimal” term (y2 —y2)(y2 — v7)(y7 —v2) (y3 — v2) (y2 — vi) (v —y3) = 6x 10715,
The reason, of course, is that other non minimal factors appear in the full expression.

6 Derivative expansion in the SM

Smit [11] has proposed to use the derivative expansion as a suitable approach in the present
context of CP violation in the SM.

In the SM each W+, Z, Dy.q, or G, counts as first order. As we have seen, at least
four W are needed in the CP violating sector, therefore I'_ vanishes at zeroth or second
order in the derivative expansion. It was shown in [11] that the fourth order is also vanish-
ing in the abnormal parity sector. We verify below that the fourth order vanishes actually
in both sectors. Therefore, as suggested in [11], the first non trivial contribution should
start at six derivatives. Hernandez et al. [12] have addressed such a computation in the
abnormal parity sector and find a non vanishing result. We compute below all contribu-
tions to sixth order, including Higgs and normal parity terms. Our result do not sustain
those in [12]. We find non vanishing contributions in the normal parity sector but none in
the abnormal parity one.

As we have noted above we do not need to consider leptons since they do not give a
contribution to I'_ assuming massless neutrinos. On the other hand we can also neglect
gluons. At fourth order the four W already saturate the required number of derivatives
and no gluons are allowed. At sixth order there is room for up to two gluon fields. However,
by gauge invariance one gluon is not admissible and two gluons must be combined to form
a gluon field strength. Such term vanishes due to the trace on color. In what follows gluons
are not included and color just gives a global factor N, = 3.

Another question is whether the derivative expansion at low orders produces a reliable
approximation to the physical amplitudes. Using simple estimates, it has been argued
in [12] that the range of validity could reach the scale of the charm quark mass or even
larger. Besides, it is clearly of interest to have correctly accounted for the lowest order
operators of the effective action, as guidance on the available CP violating mechanisms.
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7 Chiral invariant approach to the effective action

The approach of section 2.3 can be directly applied to the SM.
For the SM in the quark sector, the operator K of (2.19) takes the form (the gluons
are no longer present in the covariant derivatives)

wo_ (@ /MM~ Dy + 2) Dy + ) W (Da+¢) (7.1)
W= (D +¢) (62 /0 )MaMf = (Da— Z)(Ba+¢)) "

Here we have introduced the shorthand notation

(Pu(m) = ¢_1[8M7¢]- (7-2)

The operator K acts in the space Hyq ® Hgen @ Heolor ® Hpirac (that is, the same space as
Dg q except the factor Hpr). Therefore, for the SM the equations (2.20) become

1
It = —§N6Re (log K),
1
[~ = —5Neilm (log K) + ewzw- (7.3)

Here we have introduced the symbol ( ) which will be used in what follows. It denotes
a trace operation including a 5 in the abnormal parity sector, and just the trace, without
75, in the normal parity sector. The precise trace operation implied by ( ) will often be
obvious from the context. The inclusion of 5 does not spoil the cyclic property for ( )
since all operators involved will have an even number of Dirac gamma matrices. In this
way we can treat simultaneously the normal and abnormal parity components.

In (7.3) the trace implied by ( ) acts on z-space and on Hy,q @ Hgen @ Hbirac-

It has been shown in [11] that the term I'gwyzw does not have a contribution to the
CP violating component of the effective action, so we disregard this term in what follows.

For convenience, let us separate K into its diagonal and off diagonal parts (in ud space)
K = Kp+ Ky,
(¢*/v2) M ME — (Do + 2) (D + ) 0
0 (6*/0*)MaM — (B~ £)Ba+ ¢))

_ 0 —WH Dy + ¢)
K= (—Wupu vg o0 ) | T

Kp =

The advantage of this separation is that only K 4 contains charged currents, which can
break CP, and also that this term is of first order in derivatives® (recall that the gauge fields,
and in particular W, count as first order) so the n-th order in the derivative expansion
of I' can contain at most n factors K4.

5K 4 is of order one and not of order two because the counting refers to derivatives of the external fields
and in (7.4) ]Du’d can still act on the quarks. As noted previously in section 2.5, such derivatives on the
running fermion are of order zero in the derivative counting.
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Substituting this form in (log K'), which appears in (7.3), yields

1 1 1 1 1 1 1 1
<IOgK>:<IOgKD>——<—K KA>——< K —KA—KA—KA>_"'

2\Kp “Kp INKp Ky YK, YKp
o0
=) (log K),, . (7.5)
n=0

The subindex 2n in (log K),, indicates that the term contains exactly 2n W= fields. Work-
ing out the trace in ud space (for n > 0) one obtains

-1
(log K),,, = —1< [ (f—zMuMg ~ (Do + 2) (D + gb)) W (Pa+ )

>. (7.6)

Here the trace implied by () refers to Hgen ® Hpirac, and a-space. This expression is mani-

$2 o
. < MaM| — By — 2)(Da+ ¢>) W (B, + )

v2

festly ud-parity invariant (see section 3.3), as can be verified by using the trace cyclic prop-
erty.

Because at least four W* are required to have a CP violating term, the relevant
contributions start at (log K),. To sixth order in the derivative expansion only (log K),
and (log K)4 have to be retained. (log K'), contains terms with at least four derivatives
(namely, those coming from W), while (log K) starts at six derivatives:

(logK), = (log K)o+ (log K), , + O(D®),
(logK)g = (log K)g. o + O(D®). (7.7)

Here (log K),,, 5, indicates 2n derivatives from W+ and 2m more derivatives not from
W, ie., coming from 9, Z, or AZ’d.

8 Vanishing of terms of the type 2n + 0

In ref. [11], and also confirmed in [12], it was shown that there is no CP violating contri-
bution to four derivatives in the abnormal parity sector. Let us show that this is true in
both sectors and that, moreover, there is no sixth order contribution either coming from
terms with six W¥.

These statements are remarkably easy to establish using the method of symbols de-
scribed in section 2.5. This method amounts to make the replacement Iﬂu,d — Iﬂu,d +pin
Kp and K4 and integrate over p,. (Recall that p, is purely imaginary but p? = —pi, as
explained in section 2.5.)

Concretely, the CP violating terms with precisely four derivatives must come from
(log K), taking no other derivatives than the four W# (i.e., must be of the type 4 + 0).
Therefore, to four derivatives, we can set lD%d — P, Z — 0 and ¢ — 0 in the operator K:

4o g 2 -1 2 -1 2
(o8 K)o = 3 | d(%d)f<[(f—2MuMz+p2) W (Saa)+ ) Wp] >

(8.1)
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Here it is already obvious that, upon momentum integration, the integral I 12,171,1 (in-
troduced in (5.1)) will be generated. Because this integral is real, due to eq. (5.3), it
follows (cf. (4.10)) that no CP violating term is produced to fourth order in the derivative
expansion, neither in the normal nor the abnormal parity sectors.

To see this in more detail, we first take an angular average in (8.1), using

PuPvPaPp — (5uu5aﬁ + 5,ua(suﬁ + 5uﬁéav)p4/(d(d + 2)) (8'2)

Since no derivatives with respect to x are present in the expression, we can simply rescale
pu — (¢(x)/v)py, and the momentum integrals in (5.1) apply. Specifically,

108 K)o = — g [ ' (W 002"+ (0,

W W W W ). (8.3)

The result to four derivatives is proportional to I 12717171, as advertised.

If we consider now the case of sixth order 6 + 0, i.e., when the six derivatives are
saturated by six W, it is quite clear, by using the same reasoning, that the result will be
proportional to [ 1271’171,171, which is also real, and therefore, also no CP violation is produced
in either sector from such contributions. Of course, the analogous result holds for all orders
of the type 2n + 0 too. That is,

(0 )anro = 0. (8.4)

We note that this vanishing is rather trivial in the abnormal parity sector (for space-
time dimension d > 2): with the Levi-Civita tensor and only two four-vectors VVMjE it is not
possible to construct a non vanishing scalar.

The vanishing for the normal parity part is also easily understood. Due to charge
conservation, the possible operators constructed using only Wj[ are of the type
(WFEWHY(W, W) (WW, )™ and are CP even.

9 CP violation in the absence of Higgs field derivatives

We have just seen that no CP violation occurs to four derivatives and also to six derivatives
if these are saturated by W=*’s. Therefore, any CP violation through sixth order in the
derivative expansion must come from terms with four W+ and two other derivatives not
of the W¥ type, that is, terms of the type 4 + 2:

P = (T )iys+ O(DY). (9.1)

In the next section we shall consider the general case. Presently, we study the simplest
situation where no derivatives of the Higgs field are considered. In this case, the Higgs
field ¢(x) itself can be set to its vacuum expectation value v, since it can be restored in
the formulas at the end by a rescaling of the quark masses. Under these assumptions, the
trace (log K), of (7.6) reduces to the simpler form

fog K), =~ ([ (MMt} = (B + 2)0,) " WD (M}~ (Ba— 2)P0) WD),
(9.2)
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Here we apply once again the method of symbols making the replacement D, —
pu + D, integrating over p,, and then expanding in powers of the derivatives:

4ddn /- ~ ~ ~
(or K1y =~ [ Gt (Bl BN (4 IR+ DR (9 D).
(9.3)

Where
Ny = (MM}~ (p+ Do+ 2)(p+ D))", Na= (MaM}—(p+ Da—2)(p+Da)) " (9.4)
Expansion of the first denominator gives
Nu= Nu+ N2(p Do+ B+ 2)p+ Dy + 2)D,) + N2 (p Do+ (B, + 2)p) >+ O(D?) . (9.5)
and similarly for Ny. And we have defined
Ny = (MM +p?) 7", No= (MaM] +p%) " (9.6)

The two objects N,, and Ny are z-independent, they do not commute with each other but
commute with all other quantities in (log K),. In addition, they appear in the momentum
integrals introduced in section 5. Indeed, the first eq. in (5.1) can be rewritten as

d4p
T :/(27)4 (P2 e [NTNG NN (9.7)

At this point considerable simplification can be achieved by making the following
observation. To produce (log K), , from (9.3) we need to pick up exactly two derivatives
(apart from the four explicit W*). On the other hand, CP violating contributions come
only from the imaginary part of Iffl t1.r0.t0» a0d this requires 71 # ro and ¢y # ta, cf. (5.6).
Now, it is quite clear that, in order to obtain such a situation, it is necessary to pick up
exactly one of the derivatives from one of the N, and the other derivative from one of the
Ngy. Any other possibility ends up with either the two N, or the two N raised to the same
power, i.e., 1y =19 = 1 or t; = to = 1. Therefore the CP violating contributions in the
present case come from [ f71,272.

To work this out let us simplify the expressions by introducing the following quantities,
which appear naturally in (9.3) and (9.5)

wE =W, 6,=2pD,+Zp, da=20Dy— Zp. (9.8)

Then, applying the previous observation yields

1 [ d*xd?
(log )y 15 =—5 / #wjaumzvgadwwumzvdw* + N2§,wh Ngw™ Nyw" N2§w™
T

+ Nywt N30~ N25,w Ngw™ +Nuw+Ndw_N55uw+N§6dw_>
+ CP invariant terms

1 [ d*zd*p
= = | —/—Etr (N,NyN2N?

X <5uw+5dw_w+w_ — SpwTw wTwT —wTdgw dywTw

+ w+w_5uw+5dw_> + CP i.t. (9.9)

,20,



In the second equality we have rearranged the factors N,, N2, Ng, N 3 , using that the CP

violating part of the momentum integral, ff?

1.ty 18 antisymmetric under exchange of
k) k) k)

1,72 Or tl,tQ.

The integrand in (9.9) contains derivatives (inside d,, 4) which are not derivating any-
thing yet. As explained in section 2.5, in general one proceeds by moving the derivatives
to the right, and at the end the momentum integral kills these “free” derivatives. In the

present case this turns out not to be necessary. Instead, we can introduce the combinations
(Sw)t = d,wt — wtdy, (0w)™ = dqw™ — W™ dy, (9.10)

in such a way that

44
(log K)o = —% / %tr (NyNgNZN7) { (0w) T w™ (w) T w™ — wh (dw) " wh (5w) ™)

+ CP it. (9.11)

and the integrand no longer contains any “free” derivative.

The CP violating part of this result is proportional to f%,172,2 and develops a factor
(v/¢(x))? upon restoration of the Higgs.

There is a simple observation that can already be made at the present stage. Namely,
there is no CP wiolating contribution to the abnormal parity sector from terms of the type
4 + 2 without Higgs field derivatives. As discussed in section 4, in the abnormal parity
sector the operator multiplying the momentum integral must be hermitian to have a CP
violating contribution, however,

O = tr [ ((6w) T w™ (dw)Tw™ — wh (dw) " w* (dw) )] (9.12)

is purely imaginary. To verify this, we take the complex conjugate of everything inside O.
In Euclidean four-dimensional space v, and 75 are related to their complex conjugates by
a common similarity transformation,

vh=C:uCe, A =ColysCe. (9.13)
Also, one verifies that
(wH)* = CTlwTC,,  ((6w)F)* = —C. L (6w)TC.. (9.14)
Therefore
o =-0, (9.15)

as advertised.

In the absence of F;f;d and of complex quark mass matrices, complex conjugation
becomes equivalent to ud-parity.” So O is imaginary (in the normal and in the abnormal
parity sectors) because it is odd under ud-parity. In turn this was obvious without further

"Under complex conjugation Wf — —=W7F, Z, — —Z, (in Euclidean space) while under ud-parity
W;t — WE, Z# — 7Z‘u.
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calculation once the momentum integral f’71’272 was obtained in (9.9). This is because the
latter is odd under ud-parity and the full effective action is even (cf. section 3.3).

Remarkably, the operator tr [y5(dw)Tw™ (dw)Tw™| (and hence its complex conjugate)
vanishes by itself after taking an angular average and the Dirac trace. We have not found
a simple explanation for this.

The operator O in the normal parity sector (i.e., as in (9.12) without 7s5) is also odd
under ud-parity and so also purely imaginary. Therefore the operation of taking the real
part indicated in (7.3) is redundant. The normal parity contribution is not vanishing. The
result so obtained is part of the general result which we present in the next section.

10 CP violating terms to six derivatives

In this section we present the full result for the CP violating terms of the effective action to
six derivatives. This includes all relevant fields in the SM, and derivatives of the Higgs field.

We have used the method of symbols and repeated the calculation using the method of
covariant symbols as a check, to obtain precisely the same result from both calculations. In
the latter case we use the covariant derivatives D, ,, and Dy, to carry out the construction
indicated in (2.26). This full result is also consistent with the independent computation
made in the previous section.

From the calculation we obtain the remarkable result that (log K),,, vanishes iden-
tically in the abnormal parity sector for all terms that could have a contribution to CP
violation. In fact, '™ vanishes for all the terms that we have computed, whether CP vi-
olating or not. (Of course we have not studied most CP invariant terms with six or less
derivatives, as they are not required for our purposes.) We have not found a compelling
reason for this, so most likely, the vanishing found is just a low order accidental symmetry.
The existence of CP violating terms in the abnormal parity sector of the SM with eight
derivatives or more is not excluded. These would be the leading P violating contributions,
relevant to the electric dipole moment problem.

Another unexpected result is that (log i), , is purely real in the normal parity sector,
for terms that contribute to CP violation. (And so, taking the real part indicated in (7.3)
becomes redundant.) In the calculation this follows from the fact that only the momentum
integral I %717272 appears. This integral is odd under ud-parity and hence the accompanying
operator must be odd too and hence imaginary. Once again it not obvious to us whether
this feature will be maintained at higher orders in the derivative expansion, coming from
an exact selection rule in the SM, or is just an accidental symmetry.

The result, in Minkowski space and in the unitary gauge, reads
Nc . 4 v 2 8 . .
Isv = —71J Grkep [ d'z p (Oo+01+02)+0O(D®)+CP invariant terms. (10.1)

Here N, = 3 is the number of colors, J the Jarlskog invariant, G the Fermi constant and
kcp = 3.1 x 102 is the dimensionless parameter of section 5. The operators O;, i = 0,1, 2,

have dimension six and are all purely imaginary:
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Oy = gij,;WJW; — gij,;W(jW(;y
+§WJWV_MWJW;& —2W W, Wiw,,
+§WJW;#WJWO;, - éWjW,;,W:WOja
+gij;aWjWV; - %WJWV;WJW;V —c.c.
01 = 3(pu+iZ,)
X (Wj W W W = WEW, WEWa,
+WIWoWiIW,, = WIW WIW,,
—WIW W W, + WJW;W;W,;V) —ce
02 =~ (0 + i) +i2,) (W W W W — 2W W W)
~5 (o +iZ)(eu +i2) (10.2)
X (W W W We = 2WE W W W, + 2W Wy Wiwg ) — ec.

In these expressions c.c stands for complex conjugate. Even if these expressions refer to
Minkowski space, the Lorentz indices are all written as subindices for clarity as no ambiguity
may arise. With the conventions given above, the pass from Euclidean to Minkowskian
metric amounts to the replacement Z, — iZ, with no other change.

As noted in section 2.4, the effective action in Minkowski space is purely real, at every
order in the derivative expansion and this property is found here.

The fields Wﬁ, were defined in section 3.1 and they are expressed in terms of the
Uem.(1) covariant derivative in (3.17). On the other hand ¢, was defined in (7.2) as the
logarithmic derivative of the Higgs field.

As it is readily verified, all the operators Op 12 are indeed odd under the CP transfor-
mation

ou(w) £iZ(x) — 7,7 (0o (T) FiZ,(T)),
WiE(z) = —m," Wi (), Wi () = —m,°m,  Wi(&) . (10.3)

Terms including the field strengths Fff,’,d are absent. This can be understood from the
fact that the available operators, iFff;de W, Wiw,, are CP even.

On the other hand, the result in (10.2) presents some regularities which for us remain
purely “empirical”. In Ogy terms coupling WJ/ to Wa_ﬁ do not appear. It is always possible
to change variables from ¢, and Z, to ¢, £1Z,, however, it is not obvious why, in Oy, the
combinations ¢, +iZ, couple only to Wjﬁ and not to Waiﬁ. Also it is not clear why in Oo,
the combinations ¢, £iZ, couple only with themselves and not with ¢, FiZ,,. This latter
observation suggests the speculation that the effective action (or perhaps I'") to all orders

,23,



could be of the form Fp, + iZ,] — Flp, — iZ,], where the functional F' would depend
analytically (holomorphically) on its argument.

Also, the relatively simple dependence of the result on the combinations ¢, +iZ,
suggests the possibility of reconstructing the full result with Higgs derivatives from that
without ¢, (by some kind of gauging). In this case the calculation in section 9 could
perhaps be adapted to include ¢,. We have not tried this in this work.

The fields ¢, —iZ, and zI/V;r follow from projection of V,,® onto ¢ and P, respectively,
where V, represents the full SU7(2) x Uy (1) covariant derivative, and W;; can also be
written using ® and ® and their covariant derivatives, but the result is not particularly
illuminating.

11 The coefficient Kcp

In this section we study in some depth the function kcp. Using the second form in (5.1)
as well as the identity (5.9), the momentum integral I %717272 takes the form

" e / d ;1 1 1 1
Ii100 ZJi,j%l::kaE]l (2m)? (r°) (p2 —i—m?”) (p? +m§7j) (p? +mi7k)2 (p? _,_m?u)Q'
(11.1)
Here m,,; denotes the mass of the quark of type u of the i-th generation, and similarly
for mg;.
The sum over flavors is easily carried out using the identity

€ik =— ) .
P AmiL) P mi ) (PP mE)P (0 +m)(p? + mi)?
and similarly for d-type quarks. The integral can then be written as
I} 9o = iJ Ay I, (11.3)
where
A = (miy —m@)(mg — mif)(mif — m3)(mg — m3)(mg —mp)(mi —mg),  (11.4)
d*p 6 1
Im = V1 ——- 11.5
v = [ @ 1l ey (s)

The factor J A,, is just the Jarlskog determinant A of (1.1). This is the “minimal” fac-
tor that must always be present in the CP odd effective action as dictated by perturbation
theory. This can be seen for instance considering the same integral at finite temperature
which amounts to replace the energy integral by a fermionic Matsubara sum. In the limit
of sufficiently high temperature all quark masses can be treated as perturbations. So the
known perturbative result applies and it starts at order twelve with J A,,,. As a consequence
the integral f’71’272 is consistent with the well known fact that no CP breaking can take place
if two up-type or two down-type quark have the same finite mass. (The case of degeneracy
with vanishing mass requires a separate study since I,,, could present infrared divergences.)
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In I, the product is over the six quark flavors, regardless of its u or d type. So the
coefficient kcp introduced in section 5 has the same symmetry as A,, under exchange of
quark flavors, the factor I,,, being completely symmetric, and actually positive definite.

The momentum integrals of the type I,,, typical of zero momentum insertions in a
Feynman graph, can be computed using the relation [17]

ddp n 1 1 ktd/2—1+437 r; B
[ G2 ] s = o T kb2 =123,
Gr " LGy T am ()
(11.6)
where
1?17 ., (ml,...,mn): 2—mza10g H Z_ g (117)

and the integration is along a positive closed simple contour enclosing the poles at m? but
excluding z = 0, and the cut is on the real negative axis. The identity (11.6) assumes
positive mj2 and holds whenever the left-hand side is ultraviolet and infrared finite. If it is
not, the right-hand side gives the finite part.®

Using (11.6), and comparing with the definition of the loop function kcp in (5.11) yields

p=2%2A,1,, (11.8)
where
Ay = 2 =)W — v Wi —v2) Wi — )2 — )i —v3) = (V2/v)2 A,
1
Iy = WZ§,2,2,2,2,2(yU7y67yt7yd7y87yb) (U/\/i)14 Im ) (119)

and the Yukawa couplings y, = \/imq /v are used. The coupling controlling the strength
of the CP violating operators has dimensions of one over mass squared. The use of the
Yukawa coupling amounts to using v as convenient mass scale to measure this coupling.

The contour integrals (11.7) are readily computed by residues.” This produces the
explicit expression

yS(1 4 4logy?) y? log y? < 6
@ - P (10gF - 8y
2 Z [T —v)? I —v3)3 Z

Iy:(

+6%Z vjYi — 4 Z Yy + 2 Z yﬂk%l/r)]- (11.10)
i<k J<k<l j<k<i<r

In this expression the indices i, j, k, [, r run over the six quark flavors. The prime in a sum
or product indicates to omit the term ¢ in that sum or product. Although the explicit

8Note that when « is a non negative integer, the contour integral scales as 1 + o — >_;7; but in the
presence of infrared divergencies an anomalous scale term develops from the logarithm .
9
n .
1 dri—! (m?)*log(m?)
Ig .4.7‘n(m1 7mn): n L T
o 2 G A Ty 2 —
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expression of the integral I, looks divergent as two masses become degenerated this is
not so, as is obvious from the integral itself: in the coincidence limit the integral (11.5)
is perfectly regular. Also, I, yields an homogeneous function of the y of degree —14.
The inhomogeneous scale variation from the logarithms cancels after adding the six terms.
(This implies that one can use one of the Yukawa couplings, v, as overall scale, y; — yi/yq
to remove one of the six logarithms in the expression, at the price of a less symmetric
formula.) The formula can be written in many different ways but none is expected to give
a simple expression. The simplest and most transparent form is perhaps its very definition
as a momentum integral, (11.5).

Each of the factors Ay, I, in kcp gives quite disparate numbers, namely, A, = 6.0 x
10718 and I, =18 x 10'9. This is because they are homogeneous functions of very large
degree (high mass dimension) and so they change wildly under even moderate changes in the
scale. For instance, in units of the bottom quark mass A,, = 1.5 x10% and I,,, = 4.1 x 107%.
Their product has degree —2 and so the number is much less dependent on the mass scale.

Therefore the huge cancellation between factors is partially trivial, and as noted in [11]
the factor A, should not be used as a rough estimate of the CP violating component. What
is not trivial is the detailed role played by the light quarks. The value of kcp is enhanced
by the small mass of the quarks u, d and s. This can be seen by changing artificially their
mass, My — AMy, Mg — AMg, Mms — AMg. As A moves in the range from 1 to 25 one finds
that I, decreases monotonously by a factor 5000. This rather large factor corresponds to
an effective dimension which runs from about —2 at A = 1 to about —2.5 at the highest
value of A. The value —2 corresponds to the scale dimension at the infrared divergent point
A = 0. On the other hand the factor A, increases by a factor about 400. Beyond this range
A, reaches a maximum and starts to fall heading for the zero at A\ = my,/ms ~ 40, and then
starts to grow again with opposite sign. The net effect is to find a quenching of kcp as one
departs from the SU(3) chiral point. Nevertheless, it should be noted that kcp is a rather
complicated function of the quark masses, without well defined sign, so any interpretation
should be taken with some caution as the result might look different depending on how the
masses are moved in detail.

The coefficient kcp is infrared finite as any two quark masses go to zero while the
other quarks remain massive. This allows us to consider the limiting case m, = mg = 0.
(The coefficient vanishes trivially if the two massless quarks are u-like or d-like, due to the
antisymmetry of the A, factor.) This gives for the I, factor

1
Iy = WIS,QQ,Q(%,%,%,%) (1111)
1 1 1 10gy-2 < 4 2 ) /2 2
= — — + ‘ — 6y; + 4y; Yi —2) "yivi ) |-
(47)? Z v I — )2 IIw7 —v3)3 Z ; ' % '

Here the indices 4, j, k run over the four remaining flavors s, ¢, b, t.

The approximation m,, mg — 0 does not change much the value of the coefficient xcp,
overestimating it by a 3% as compared to the exact value. Since the mass of the quark
s is also rather small one can consider the further limit mgs; — 0. The limit of vanishing
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My, Mg, Mg is affected by infrared divergencies and this manifests in the fact that while
kcop remains finite, the value depends on how this limit is taken. Explicitly, the dominant
term as my,, myq, ms become small is

A - b | yays i+ ud) + 2vaays (Ya + ys) — valyl + 98) — valvg — v3)°
Y (4m)? (i — vy — v (v — y2)?
20y — Yula — YaVs
_2y6 log y2 y2 uJs u s 11.12
OB ) (= 2y )

(2 —y2)2(y2 —y2)? | \¥2 o

The terms retained are those which are homogenous of degree zero in y,, y4, ys, while the

22y% — 242 — g2 1 1
+2yg log(yz/yi) — e 4= ) 9 + O(yﬁght quark)‘

reminder has degree 2. This function is antisymmetric under the exchange of d and s. A
quite remarkable fact is that, to this order, the dependence on y. and ¥ factorizes and
moreover ¥, does not appear in the expression.

The above function is finite but far from continuous in the massless limit. The phys-
ical situation is m,,mqy < ms so a sensible limit to consider corresponds to taking first
my, mg — 0 and later mgs — 0. In this approximation

1 1 1

Equivalently, in this SU(3) chiral limit

1 1 1
G _ L) 11.14

o = o (2~ ) .
The full result corresponds rather to 0.92/((47)?m?2) so this approximation overestimates
it by an 8%. Despite the simplicity of this approximation the massless SU(3) chiral limit
is highly non trivial as can be seen from (11.12), and in fact even the sign is not obvious

from the expression.

12 Conclusions

We have studied the CP breaking terms in the effective action of the Standard Model
obtained by integration of quarks and leptons, including operators up to dimension six.
The result of the calculation is summarized in egs. (10.1) and (10.2).

One of the main results is that such CP breaking operators appear with a sizable cou-
pling, of the order of 5 x 10? times the Jarlskog invariant times the Fermi constant. This is
much larger than predicted from Jarlskog determinant considerations based on perturba-
tion theory and is fully in agreement with the expectations first put forward by Smit in [11].

Remarkably the non vanishing CP violating contributions come from the normal parity
sector. This is is somewhat unexpected as it is usually taken for granted that the presence
of the Levi-Civita pseudo-tensor is needed to have CP breaking. Also noteworthy is our
finding that, to the order studied, all abnormal parity terms vanish. This is in conflict with
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the result presented in [12] where a non vanishing abnormal parity contribution is derived.
Our result implies that the first CP odd and P odd contribution, relevant to electric dipole
moments, requires at least the eighth order in the derivative expansion.

The full result presents interesting regularities (including the just mentioned vanishing
of terms which are simultaneously CP odd and parity odd) which may follow from the
structure of the SM or may be accidental symmetries surviving only at lowest orders in
the derivative expansion.

The calculation presented here applies to zero temperature. At the order studied in
this work, the coupling is controlled by the integral IAf’,LQ,Q. The same integral can be
considered at finite temperature replacing the energy integral in the loop by a fermionic
Matsubara sum. At high enough temperatures such integral becomes proportional to the
Jarlskog determinant times the accompanying power 1/T, just by dimensional counting.
For temperatures comparable to the top quark mass, relevant for baryogenesis, this mass
can no longer be treated as a perturbation. Nevertheless, the integral becomes equal to
the Jarlskog determinant times an order of unity function of m;/T and the required power
1/T', so the numerical estimate is similarly small. At higher order in the derivative
expansion other momentum integrals will be generated but the analysis is expected to be
similar. On the other hand, at finite temperature new operators can be produced even at
the same order studied here. Due the to breaking of Lorentz invariance down to rotational
invariance [32] new combinations may arise, e.g., with abnormal parity.

The effective action obtained here can not be applied directly to CP violating hadronic
processes since the quarks have been integrated out. In this view it would be of interest to
repeat the calculation but inserting external hadronic currents in the quark sector. This
would allow to account for CP violating contributions to meson decay amplitudes. CP
violation requires to switch between the u and d spaces and in the present calculation this
can only be achieved by the action of W+ which are the only charged particles left after
integration of fermions. The situation may change in the presence of hadronic insertions
carrying electric charge, and presumably lower order operators would be allowed replacing
some charged gauge bosons by hadronic currents.

Related to the above, we have seen that the coupling kcp controlling the strength of
the CP violating operators is a complicated function of the quark masses and is highly
non continuous in the relevant limit of taking the light quarks to be massless. This is
due to the presence of infrared divergences in the chiral limit. This suggests that the
standard chiral perturbation theory corrections induced by the pseudo-scalar Goldstone
bosons could introduce sizable modifications to the result. Formally, we have included QCD
in our result, although no gluonic correction have been needed to the order considered. Of
course, the calculation can be organized under different schemes, for instance counting
independently derivatives coming from electroweak fields and QCD fields, being the latter
either fundamental or hadronic. A point to note in this regard is that in the presence of
hadrons abnormal parity is no longer equivalent to parity violating, as the pseudo-scalars,
for instance, have abnormal parity.

Likewise it would be of interest to consider the effective action in the sense of the
Legendre transform (after integration of fermions), i.e., adding one particle irreducible
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graphs. This could produce lower dimensional CP breaking operators, such as the operator
tr (FH,,F‘“’) mentioned in the Introduction. This can be so by integration of some of the
external lines in the loop (hence making these lines internal) either in a single fermion loop
having CP violation or by coupling more than one loop, one of them carrying CP violation.

As a final comment we note that leptons have not been included as no CP breaking
takes place in that sector when the neutrino masses vanish. However, our calculation
applies to Dirac neutrinos with non zero masses, and in this case the leptons produce a
CP violating contribution completely similar to that obtained for quarks, replacing the
Jarlskog invariant of the CKM matrix with that of the Maki-Nakagawa-Sakata matrix [36],

and using lepton masses to produce mlggtons. This function will be identical to that discussed

in section 11 for quarks. Similarly as for the case of quarks, the coefficient /flg%tons is not
at all continuous as some of the leptons become massless. This implies that the limit will

depend crucially on how the small neutrino masses compare with each other.
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